We set up a recursion relation for the partition function of a fixed number of harmonically confined bosons. For an ideal Bose gas this leads to the wellknown results for the temperature dependence of the specific heat and the ground-state occupancy. Due to the diluteness of the gas, we include both the isotropic contact interaction and the anisotropic dipole-dipole interaction by an infinite-bubble sum of the lowest-order perturbative results. Due to the anisotropy of the dipole-dipole interaction, the thermodynamic quantities of interest crucially depend on the trap configuration.
Many-Body Path Integral Formalism
The aim of this work is to give a path-integral description for a system of a fixed particle number N . To this end, we start with the imaginary-time evolution amplitude which is given by the following N -fold path integral (x 1 , ...,
Therein we have to sum over all possible N -particle orbits which begin at (x ′ 1 , ..., x ′ N ) and go to (x 1 , ..., x N ) during the imaginary-time interval
[τ a , τ b ]. All these orbits are weighted with the help of the euclidean action which contains the interaction-free part
and the interaction
Here, M is the particle mass, V denotes the harmonic background potential
V (int) stands for the interaction potential which is specified later on, and the prime over the sum in (3) indicates that any self interaction is avoided. Since we deal with indistinguishable bosons, the evolution amplitude (1) contains a sum over all N ! possible permutations P . Furthermore, for describing the thermodynamics of the N -particle ensemble, we have to calculate its partition function
where only the β-periodical path configurations in (1) contribute. Thereby, β ≡ 1/k B T represents the reciprocal temperature. The requirement of indistinguishability of bosons complicates further calculations considerably even for the ideal Bose gas, as is explicitly shown in the next section.
Canonical Ensemble for Ideal Particles
Here, we discuss the situation for a non-interacting N -boson system and omit therefore the interaction (3). For this case, the action is given by (2) as the sum of N single-particle actions, so that our N -particle evolution amplitude factorizes into N single-particle ones. This yields for the partition function (5)
Because of the occurrence of non-trivial permutations single-particle amplitudes are not necessarily periodical and one is led to multiple cycles as represented in Fig. 1 . In general, such an n-cycle is defined by The last equation follows from the imaginary-time translationary invariance of a single-particle amplitude and its group properties. This shows that the contribution of an n-cycle is simply the partition function of a single particle with a temperature lowered by a factor n. The full bosonical N -particle partition function (6) can be decomposed in such multiple cycles. The only problem is that the cycle structure strongly depends on the given permutation. One needs to know explicitly all possible cycle numbers with respect to the constraint of the fixed particle number N . In praxis, this becomes problematical for larger N 's. But, according to Refs. 1,2, the partition function also follows from the recursion relation
The partition function in vacuum Z (0)B 0 (β) = 1 serves here for the starting point. We apply, furthermore, the results (8) for the heat capacity
and the ground-state occupancy, which is the probability for a particle being in the ground state E 0 ,
The results in an isotropic harmonic trap (4) are plotted for different particle numbers N in Fig. 2 . 
Dipolar Interacting System
Now we describe the effect of an interaction upon thermodynamical properties of a Bose gas within the canonical ensemble theory. The system to be described is typically a gas of 52 Cr atoms which has recently been condensed in Stuttgart in T. Pfau's group. 3 The interaction between the atoms can be modelled by a contact s-wave scattering plus a dipolar interaction
the latter being caused by the large magnetic dipole moment of these atoms, m = 6µ Bohr . In the experiment, the gas is trapped in a harmonic potential of a general form (4) with two almost equal frequencies giving rise to a cylindrically symmetric configuration. For aligned dipole moments two different configurations are possible. In the first configuration (I), the dipoles sit on top of each other and experience an attraction. In the second configuration (II), they are placed side by side and repel each other. The dipole forces are expected to distort slightly the condensate whose main interparticle forces come from an s-wave repulsion which is independent of the trap orientation. In Refs. 4,5, we have calculated the shift of the Bose-Einstein condensation temperatures caused by the dipolar forces. Here we discuss the thermodynamic properties of the anisotropic system at the entire low-temperature regime.
We begin with the full N -particle evolution amplitude (1) and Taylor expand the interaction factor exp −A (int) / around the zeroth order result of Section 2. The first-order contribution to the partition function (5) has the following cycle decomposition:
Thereby many non-interacting cycles (7) occur which are combined to the non-interacting part Z (0)B N −n . Furthermore two different kinds of interacting cycles are always present. These are the direct and the exchange contributions, in contrast to the interaction-free one from Fig. 1 c) represented by
where the wiggly line stands for the interaction. Their simplified pictures represent the Hartree-and the Fock-like Feynman diagrams
, I
(E)
.
Combining both partition functions (8) and (12) Calculating both interacting contributions yields the proportionality I (D),(E) ∝ β. Hence, for low temperatures, the second term in the curly brackets of (14) is much larger than the first interaction-free summand leading to negative full partition function. The perturbative result must therefore be resummed. This can be done self-consistently by using the renormalized cycle contributionsZ 1 (nβ) = e −βnẼ (n) k instead of the interaction-free terms Z 1 (nβ), wherẽ
are new energy levels shifted by the self-energies. They are represented by Feynman diagrams related to (13) by cutting one line: 
